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We are concerned with singular limits of stiff relaxation and dominant diffusion
for general 2×2 nonlinear systems of conservation laws, that is, the relaxation time
y tends to zero faster than the diffusion parameter e, y=o(e), eQ 0. We establish
the following general framework: If there exists an a priori L. bound that is uni-
formly with respect to e for the solutions of a system, then the solution sequence
converges to the corresponding equilibrium solution of this system. Our results
indicate that the convergent behavior of such a limit is independent of either the
stability criterion or the hyperbolicity of the corresponding inviscid quasilinear
systems, which is not the case for other type of limits. This framework applies to
some important nonlinear systems with relaxation terms, such as the system of
elasticity, the system of isentropic fluid dynamics in Eulerian coordinates, and the
extended models of traffic flows. The singular limits are also considered for some
physical models, without L. bounded estimates, including the system of isentropic
fluid dynamics in Lagrangian coordinates and the models of traffic flows with stiff
relaxation terms. The convergence of solutions in Lp to the equilibrium solutions of
these systems is established, provided that the relaxation time y tends to zero faster
than e. © 2002 Elsevier Science (USA)
1. INTRODUCTION
We are concerned with singular limits of stiff relaxation and dominant
diffusion for the Cauchy problem of general 2×2 quasilinear conservation
laws with relaxation and diffusion,
˛vt+f(v, u)x=evxx,
ut+g(v, u)x+
1
y
a(v, u)(u−h(v))=euxx,
(1.1)
with initial data
(v, u)|t=0=(v0(x), u0(x)). (1.2)
The second equation in (1.1) contains a relaxation mechanism with h(v) as
the equilibrium value for u and y the relaxation time, and a(v, u) > 0; and e
is the diffusion coefficient. The relaxation term serves as a damping in
some suitable system coordinates.
The singular limit problem for (1.1) can be considered as a singular per-
turbation problem as y tends to zero. When y=e, the relaxation systems in
the level of reaction-diffusion equations have been studied for some typical
models (see [18, 19, 44] and the references cited therein). When e=o(y)
and the corresponding 2×2 systems
˛vt+f(v, u)x=0,
ut+g(v, u)x=0,
(1.3)
are hyperbolic, the relaxation systems in the level of hyperbolic equations
arise in many physical situations such as combustion theory [31, 34, 36],
multiphase and phase transition [9], chromatography [22, 43, 51], visco-
elasticity [8, 38], kinetic theory [4], river flows [10, 52], and traffic flows
[45, 52].
The nonlinear stability of weak, smooth traveling waves and rarefaction
waves for hyperbolic systems of conservation laws with relaxation were
first analyzed in Liu [29], in which indicate that the effect of relaxation is
closely related to a viscous effect when the solution is near a constant equi-
librium state (also see [10]). By introducing the theory of the compensated
compactness, a simple model of compustion with infinite reaction rate
(whose reciprocal is related to the zero relaxation) was studied in [31, 34].
The zero relaxation limit of solutions with large oscillation, for hyperbolic
conservation laws with relaxation terms containing both damping and
sink mechanisms, was systematically studied in Chen and Liu [9] and
Chen et al. [8]. Roughly speaking, the convergence framework given in
[8, 9] is based on the following two estimates:
(1) The corresponding viscous system has a bounded L. solution for
any fixed relaxation time and the dissipation parameter.
(2) There exists a convex entropy g, of the corresponding hyperbolic
systems (1.3), which satisfies
gu(u−h(v)) \ c(u−h(v))2, (1.4)
for a suitable positive constant c.
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To get an a priori L. estimate of solutions uniformly in y, e, one
approach is to find invariant regions (cf. [11]), and another is to use the
comparison arguments (see [38] and the references cited therein).
In this paper, we consider the case of stiff relaxation and dominant
diffusion, that is, y=o(e), as eQ 0. When the solutions of (1.1)–(1.2) are
uniformly bounded in L. for this case, we show that the limit is always
stable and no oscillation arises for any C1 flux functions f and g.
Theorem 1. Let f, g ¥ C1(R2), h ¥ C2(R), and a0 [ a ¥ C(R2) for a
positive constant a0. Let y=o(e) as eQ 0. If the solutions (v e, u e) —
(v e, y(e), u e, y(e)) of (1.1)–(1.2) have an a priori L. bound:
|(ve, u e)(x, t)| [M(T), (x, t) ¥ R×[0, T], (1.5)
for any given time T, where M(T) is independent of e, then there exists a
subsequence (v ek, u ek) converging strongly to the functions (v, u) as ek Q 0,
which are the equilibrium states uniquely determined by (E1)–(E2):
(E1) u(x, t)=h(v(x, t)), for almost all (x, t) ¥ R×(0, T];
(E2) v(x, t) is the unique L. entropy solution of the Cauchy problem:
vt+f(v, h(v))x=0, v|t=0=v0(x). (1.6)
If the solutions of (1.1)–(1.2) have no a priori L. estimate, we can prove
that the limit is also stable, provided that the functions f, g, and a satisfy
certain growth conditions.
Assume
(v0(x)− v¯, u0(x)− u¯) ¥ L. 5 Lp(R), u¯=h(v¯), 1 < p <.. (1.7)
Also assume
(B1) |f(v, u)|+|g(v, u)| [ c1+c2(|v|q+|u|q), q ¥ [1, 3), |Nv, uf(v, u)|+
|Nv, u g(v, u)| [ c3+c4(|v|q−1+|u|q−1);
(B2) 0 < c5+c6(|v| r+|u| r) [ a(v, u) [ c7+c8(|v| r+|u| r), 0 [ r < 4;
(B3) |h(v)| [ c9+c10 |v|k, k \ 1,
where a0, q, r, k, ci, 1 [ i [ 10, are positive constants.
Theorem 2. (I) Assume conditions (B1)–(B3) are satisfied, and there
exists a strictly convex function p¯(v, u) in the range of solutions of the
Cauchy problem (1.1)–(1.2) and (1.7) such that
p¯u(v, u)=p1(v, u)(u−h(v)), p¯(v, u)=g(v, u)+p(v, u),
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where p1(v, u) \ c0 > 0, p(v, u) is a smooth function whose second derivatives
are bounded, and g(v, u) is an entropy of system (1.3). Then, if 2k(q−1) [ r
and M1y [ e for some large constant M1, for fixed e, y, the Cauchy problem
(1.1)–(1.2) and (1.7) has a unique smooth solution (v e, y, u e, y) satisfying
|(v e, y, u e, y)(x, t)| [ C(e, y), (1.8)
for some constant C(e, y) > 0 depending on e and y.
(II) If the conditions of (I) are satisfied and 2k(q−1)+p−2 [ r, then
|v e, y−v¯|p [M.
(III) If the conditions of (II) are satisfied, p > max{1, q, qk}, and
y=o(e) as eQ 0, then there exists a subsequence (v ek, u ek) of (v e, u e) —
(v e, y(e), u e, y(e)), converging pointwise almost everywhere,
(v ek, u ek)Q (v, u), as ek Q 0, (1.9)
where the limit functions (v, u) satisfy (F1)–(F2):
(F1) u(x, t)=h(v(x, t)), for almost all (x, t) ¥ R×(0, T];
(F2) v(x, t) is the unique Lp entropy solution of the Cauchy problem:
vt+f(v, h(v))x=0, v|t=0=v0(x). (1.10)
Remark. If 2k(q−1) [ r, then from (B1)–(B3), we have
(B4) {fu(v, b)2+gu(v, b)2+fŒ(v, h(v))2+gŒ(v, h(v))2}/a(v, u) [M,
where b takes a value between u and h(v). This inequality we will use to
prove Theorem 2 in Section 4.
The proof of Theorem 1 is given in Section 2. Its applications to the
system of elasticity, the system of isentropic gas dynamics in Eulerian
coordinates, and the extended models of traffic flows with stiff relaxation
terms will be given in Section 3. The proof of Theorem 2 is given in Section 4,
whose applications to the system of isentropic gas dynamics in Lagrangian
coordinates and the models of traffic flows with stiff relaxation terms are
given in Section 5.
2. PROOF OF THEOREM 1
Through this paper, we denote R2+=R×R+=(−.,.)×(0,.), and
M(T) and M are generic constants independent of e and y, which may be
different at each occurrence. In this section, we first introduce two lemmas.
We have the following global existence result about the Cauchy problem
(1.1)–(1.2).
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Lemma 3. If the solutions of (1.1)–(1.2) have an a priori L. bound (1.5),
then, for any fixed e and y, the Cauchy problem (1.1)–(1.2) has a unique
smooth solution (v e, y, u e, y) on R×(0, T].
The local existence and regularity of solutions for t > 0 of the Cauchy
problem (1.1)–(1.2) can be obtained by applying the Banach contraction
mapping theorem to an integral representation of (1.1), where the local
time depends only on e, y, the L. norm of the initial data. The global exis-
tence is based on the local existence and the a priori L. estimate (1.5).
Second, we have the following estimates.
Lemma 4. If the solutions of (1.1)–(1.2) have an a priori L. bound (1.5)
and f, g ¥ C1(R2), h ¥ C2(R), then
>1 ev2x, eu2x, (u−h(v))2
y
2>
L1loc(R
2
+)
[M, (2.1)
providedM1y [ e for some large constantM1 > 0.
Proof. Since (v, u) is bounded, we can choose a large constant C1 such
that the function p(v, u)=u2/2−h(v) u+C1v2/2 satisfies
pvv(v, u) v
2
x+2pvu(v, u) vxux+puu(v, u) u
2
x \ C2(v2x+u2x), (2.2)
for some constant C2 > 0.
Multiplying system (1.1) by (pv, pu), we have from (2.2) that
p(v, u)t+pv(v, u) f(v, u)x+pu(v, u) g(v, u)x
+a(v, u)
(u−h(v))2
y
+eC2(v
2
x+u
2
x) [ epxx(v, u). (2.3)
Since
pv(v, u) f(v, u)x=(pv(v, u)(f(v, u)−f(v, h(v))))x+pv(v, h(v)) f(v, h(v))x
−pvx(v, u)(f(v, u)−f(v, h(v)))
+(pv(v, u)−pv(v, h(v))) f(v, h(v))x
=(pv(v, u)(f(v, u)−f(v, h(v))))x
+1F v pv(s, h(s)) fŒ(s, h(s)) ds2
x
−(pvu(v, u) ux+pvv(v, u) vx) fu(v, b1)(u−h(v))
+pvu(v, b2)(u−h(v)) fŒ(v, h(v)) vx, (2.4)
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and
pu(v, u) g(v, u)x=(pu(v, u)(g(v, u)−g(v, h(v))))x
+1F v pu(s, h(s)) gŒ(s, h(s)) ds2
x
−(puu(v, u) ux+pvu(v, u) vx) gu(v, b3)(u−h(v))
+puu(v, b4)(u−h(v)) gŒ(v, h(v)) vx, (2.5)
where pv(v, h(v))=pv(v, u)|u=h(v), fŒ(v, h(v))=df(v, h(v))dv , and bi, 1 [ i [ 4,
take values between u and h(v). It follows from (2.2) that
p(v, u)t+q(v, u)x+c0
(u−h(v))2
2y
+eC2(v
2
x+u
2
x)
− yC3(v
2
x+u
2
x) [ epxx(v, u), (2.6)
for a function q and positive constants c0 and C3 depending on the bounds
of second derivatives of p and first derivatives of f and g.
Multiplying (2.6) by a suitable nonnegative test function and then
integrating by parts on R2+, we get the estimates in (2.1) provided
2yC3 [ eC2.
Proof of Theorem 1. To prove Theorem 1, it suffices to prove that the
family of Young measures mx, t associated with the sequence v e is a measure-
valued entropy solution of the Cauchy problem (1.6).
In fact, if mx, t is a measure-valued entropy solution of (1.6), then, by the
uniqueness theorem in [49], mx, t must be a Dirac measure-valued solution.
This fact implies the strong convergence of a subsequence v ek of v e so that
the limit function v is the unique entropy solution of the Cauchy problem
(1.6). Using the third estimate in (2.1), we conclude the strong convergence
of a subsequence u ek of u e.
To prove that mx, t is a measure-valued entropy solution of the Cauchy
problem (1.6), it suffices to prove the following two estimates (see [17, 49]
for the details),
Omx, t(l), |l−k|Pt+Om(x, t)(l), sign(l−k)(f(l, h(l))−f(k, h(k)))Px [ 0,
(2.7)
for all k ¥ R in the sense of distributions, and
lim
TQ 0+
1
T
FT
0
F b
a
Omx, t(l), |l−v0(x)|P dx dt=0, (2.8)
for any −. < a < b <..
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Since the function |v−k| can be approximated by smooth convex
functions, it suffices for (2.7) to prove the following inequality,
g(v e)t+q(ve)x [ o(e), eQ 0, (2.9)
in the sense of distributions, for any smooth convex entropy-entropy flux
pair (g(v), q(v)) of (1.6) with the aid of the Young measure representation
theorem for weak limits [37, 50].
To prove (2.9), multiplying the first equation in (1.1) by gŒ(v), we have
g(v)t+q(v)x=−gŒ(v)(f(v, u)−f(v, h(v)))x+egŒ(v) vxx
=−(gŒ(v)(f(v, u)−f(v, h(v))))x+eg(v)xx
+(f(v, u)−f(v, h(v))) gœ(v) vx− egœ(v) v2x
=−(gŒ(v) fu(v, b1)(u−h(v)))x+eg(v)xx
+fu(v, b2) gœ(v)(u−h(v)) vx− egœ(v) v2x, (2.10)
where bi, i=1, 2, take values between u and h(v).
It follows from the estimates in (2.1) that, on any compact W … R2+,
F
W
|fugœ(v)(u−h(v)) vx | dx dt
[M 1F
W
(u−h(v))2
y
dx dt2 12 1F
W
yv2x dx dt2 12 Q 0, (2.11)
and
:F
W
(gŒ(v) fu(u−h(v)))x f dx dt :
=:F
W
gŒ(v) fu(u−h(v)) fx dx dt :
[M 1F
W
yf2x dx dt2 12 1F
W
(u−h(v))2
y
dx dt2 12 Q 0, (2.12)
as eQ 0. Moreover, since gœ(v) \ 0 and eg(v)xx Q 0 in the sense of
distributions, (2.9) follows by letting eQ 0 in (2.10).
The proof of (2.8) can be obtained similarly as in [49]. This completes
the proof of Theorem 1.
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3. APPLICATIONS OF THEOREM 1
In this section we apply Theorem 1 to some important physical models
such as the system of elasticity, the isentropic system of gas dynamics
in Eulerian coordinates, and the extended models of traffic flows with
relaxation terms.
3.1. The System of Elasticity
The system of elasticity is given by
˛vt+ux=0,
ut+s(v)x=0,
(3.1)
which describes the balance of mass and momentum. The existence of weak
solutions for system (3.1) with large bounded initial data was first obtained
by DiPerna [16] for the case of sœ(v) v > 0, for all v ¥ R0{0} (see also
[33]). Then it was also obtained in [26, 47], independently, that there
exists a global weak entropy solutions for the case of sœ(v) v < 0, for all
v ¥ R0{0}, and initial data in Lp.
Consider the viscous solutions for the system of elasticity with a relaxation
term,
˛vt+ux=evxx,
ut+s(v)x+
u−h(v)
y
=euxx,
(3.2)
with bounded initial data (v0(x), u0(x)).
The zero relaxation and dissipation limits for system (3.2) was first
studied by Chen et al. [8]. By applying the invariant region arguments,
they first obtained the L. estimate of solutions (v e, y, u e, y) for the Cauchy
problem (3.2) with the initial data (v0(x), u0(x)) satisfying following
assumptions:
(C1) s ¥ C2, sŒ(v) > 0 for all v ¥ R; vsœ(v) > 0 for all v ¥ R0{0};
(C2) s and h satisfy the stability condition |hŒ(v)| [`sŒ(v) ;
(C3) h ¥ C1, h(v)=h¯ (h¯ a constant), as |v| \M0 for a suitable large
constantM0.
In fact, assumption (C3) can be removed by applying the comparison
principle (see Natalini [38]). And condition (C1) can be weakened, by
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applying the similar method as in the proof of Theorem 7.1 in [38], to the
following:
(Cb 1) s ¥ C2, sŒ(v) \ 0, but meas{v: sŒ(v)=0}=0; vsœ(v) > 0 for all
v ¥ R0{0}.
When considering the convergence of (v e, y, u e, y) as y and e tend to zero,
the following two assumptions are used both in [8, 38]:
(C4) h ¥ C1 and there is no interval in which h(v) is affine;
(C5) |(v0, u0)(x)| [N0, for a suitable constant N0.
However, there is no rate restriction between y and e, and oscillatory
initial data are allowed.
Using Theorem 1 and the boundedness estimate from assumptions (Cb 1)
and (C2), we have
Theorem 5. If h, s satisfy assumptions (Cb 1) and (C2), then there exists a
subsequence (v ek, u ek) of global smooth solutions (v e, u e) for the Cauchy
problem (3.2) with the bounded initial data (1.2), that converges strongly to
the equilibrium state functions (v, u), determined uniquely by h(v) and v0(x)
(see (E1)–(E2) of Theorem 1).
3.2. The System of Isentropic Gas Dynamics in Eulerian Coordinates
The system of isentropic gas dynamics in Eulerian coordinates is
described by
˛rt+(ru)x=0,
(ru)t+(ru2+P(r))x=0,
(3.3)
where r, m=ru, and P are the density, the mass, and the pressure, respec-
tively. For the case of a polytropic gas P(r)=orc, o > 0, where c is the
adiabatic exponent, Nishida [39] obtained the first large data existence
theorem with locally finite total variation for c=1 using Glimm’s scheme
[20] (see also [40]). The uniqueness of limit function of the Glimm scheme
for general 2×2 hyperbolic systems was proved recently by Bressan (see
[1, 2]). Using the compensated compactness ideas developed by Tartar and
Murat [37, 50], DiPerna [15] established a global existence theorem for
c=1+ 2N , N \ 5 odd, with the aid of the viscosity method. Ding et al. [13]
and Chen [5] proved the convergence of the Lax–Friedrichs scheme and
the existence of global solutions with L. large initial data for this system
with general adiabatic exponent c ¥ (1, 53]. Recently, Lions et al. [27] and
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Lions et al. [28] prove the global existence of a weak solution for c > 53 ,
using the compensated compactness and related ideas from the kinetic
formulation.
The global smooth solutions of the Cauchy problem (3.3) for a class of
smooth initial data with the vacuum for a general pressure P(r) was
obtained in Lu [32]. Most Recently, the global existence of L. entropy
solutions for this system with a general pressure P(r) and arbitrarily large
L. initial data was established in Chen and LeFloch [7].
The two eigenvalues of system (3.3) are
m1=u−`PŒ(r), m2=u+`PŒ(r) ,
and the corresponding two Riemann invariants are
w=u+Fr
c
`PŒ(r)
r
dr, z=u−Fr
c
`PŒ(r)
r
dr.
Adding a relaxation term to system (3.4), we get the following system,
˛rt+(ru)x=0,
(ru)t+(ru2+P(r))x+
ru−h(r)
y
=0,
(3.4)
which arises in many physical situations such as the flood flows with
friction or the river equations [8, 10, 52].
Consider the viscous solutions of system (3.4),
˛rt+mx=erxx,
mt+1m2
r
+P(r)2
x
+
m−h(r)
y
=emxx,
(3.5)
with bounded initial data:
˛ (r e, y, d, m e, y, d)|t=0=(rd0(x), md0(x)) — (r0(x)+d, (r0(x)+d) u0(x)),
0 [ r0(x), :m0(x)
r0(x)
: [M0 <.. (3.6)
Applying the invariant region principle, Lattanzio and Marcati [24]
obtained the a priori L. estimate of solutions of the Cauchy problem
(3.5)–(3.6) for h(r)=cr(1−r) (c is a constant). They also considered the
zero relaxation limit for system (3.4) in the domain of the density away
from vacuum. As is well known, the main difficulty to study the zero
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FIGURE 1
relaxation limit for system (3.4) is in the construction of a convex, weak
entropy of the equilibrium equation satisfying a similar estimate as in (1.4)
in the neighborhood of vacuum. Since only L. estimate uniformly in the
relaxation time and the dissipation parameter is required in Theorem 1, we
can obtain the convergence of solutions, including the vacuum, of the
Cauchy problem (3.5)–(3.6) for more general cases.
Theorem 6. Let P(r) ¥ C2(0,.), PŒ(r) > 0, 2PŒ(r)+rPœ(r) \ 0 for
r > 0; and
F.
c
`PŒ(r)
r
dr=., F c
0
`PŒ(r)
r
dr <., -c > 0.
Suppose that there exists a region Db={(r, m): w [N, z \ −L}, for some
N, L, such that the curve m=h(r) and the initial data (rd0(x), m
d
0(x)) are
inside the region Db , and m=h(r) passes the two intersection points
(r, m)=(0, 0) and (r, m)=(r¯, m¯), r¯ > 0, of the curves w=N and z=−L
(see Fig. 1). Then, for any fixed e, y and d, the Cauchy problem (3.5)–(3.6)
has a unique smooth solution (r e, y, d, u e, y, d) satisfying
0 < c(t, e, d) [ r e, y, d [M, |u e, y, d| [M, (3.7)
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where c(t, e, d) is a positive constant. Moreover, there exists a subsequence,
still denoted (r e, y, d, u e, y, d), that converges pointwise almost everywhere,
(r e, y, d, r e, y, du e, y, d)Q (r, m)
as d, e a 0+ with y=o(e), where the limit functions (r, m) are the equilibrium
state functions determined uniquely by h(v) and r0(x) (see (E1)–(E2) of
Theorem 1).
Proof. To prove the estimates in (3.7), we multiply (3.5) by (wr, wm)
and (zr, zm), respectively, to obtain
wt+m2wx+
ru−h(r)
yr
=ewxx+
2e
r
rxwx−
e
2r2`PŒ(r)
(2PŒ+rPœ) r2x,
zt+m1zx+
ru−h(r)
yr
=ezxx+
2e
r
rxzx+
e
2r2`PŒ(r)
(2PŒ+rPœ) r2x.
Then the assumptions on P(r) yields
˛wt+m2wx+ru−h(r)yr [ ewxx+2er rxwx,
zt+m1zx+
ru−h(r)
yr
\ ezxx+
2e
r
rxzx.
(3.8)
If the curve m=h(r) passes the two intersection points (0, 0), (r¯, m¯) of
curves w=N, z=−L and is above the curve z=−L and below the
curve w=N as 0 [ r [ r¯, then it is easy to check that the region
D¯={(r, m): w [N, z \ −L} is an invariant region. Thus we obtain the
estimates 0 [ r e, y, d [M and |u e, y, d| [M for a suitable constant M, since
>.c (`PŒ(r)/r) dr=. and >c0 (`PŒ(r)/r) dr <. for any constant c > 0.
To estimate the positive lower bound of r, we rewrite the first equation
in (3.5) as
vt+uvx+ux=e(vxx+v
2
x), (3.9)
where v=log r. Then
vt=evxx+e 1vx− u2e22−ux−u
2
4e
. (3.10)
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The solution v of (3.9) with initial data v0(x)=log(r0(x)+d) can be
represented by a Green functionG(x−y, t)=(1/`pet) exp(−(x−y)2/4et):
v=F.
−.
G(x−y, t) v0(y) dy
+F t
0
F.
−.
1 e 1vx− u2e22−u
2
4e
−ux 2 G(x−y, t−s) dy ds. (3.11)
Since
F.
−.
G(x−y, t) dy=1, F.
−.
|Gy(x−y, t)| dy [
M
`et
,
it follows from (3.11) that
v \ F.
−.
G(x−y, t) v0(y) dy+F
t
0
F.
−.
1−u2
4e
−ux 2 G(x−y, t−s) dy ds
=F.
.
G(x−y, t) v0(y) dy
+F t
0
F.
−.
1uGy(x−y, t−s)−u24e G(x−y, t−s)2 dy ds
\ log d−
Mt
e
−
M1t
1
2
e
1
2
\ −C(e, d, t) > −.. (3.12)
Thus r e, y, d has a positive lower bound c(t, e, d) for any fixed e, d and t <..
Then Theorem 1 implies Theorem 6.
3.3. Extended Models of Traffic Flows: L. Solutions
Consider the viscous solutions to the extended model of traffic flows,
˛rt+(ru)x=erxx,
ut+1u22+g(r)2x+u−h(r)y =euxx, (3.13)
with bounded initial data
(r, u)|t=0=(r0(x), u0(x)), r0(x) \ 0. (3.14)
SINGULAR LIMITS OF STIFF RELAXATION 699
The corresponding hyperbolic system of (3.13)
˛rt+(ru)x=0,
ut+1u22+g(r)2x=0 (3.15)
has several different physical situations. System (3.15) was first derived by
Earnshaw for isentropic flow (see [52, p. 168]) and is called the Euler
equations of one-dimensional, compressible fluid flow (see [21, p. 483]). It
is a scaling limit system of a Newtonian dynamics with long-range interac-
tion for a continuous distribution of mass in R (see [41, 42]) and also
a hydrodynamic limit for the Vlasov equation [3]. For the case of
g(r)=orc−1, 1 < c < 3, the large data existence theorem with locally finite
total variation was obtained by using Glimm’s scheme [14]. Reference
[30] gives the existence of global weak solution for the special case of
g(r)=>r s(s+c)c−3 ds, c > 3, c > 0, with bounded measurable initial data.
A global existence theorem for a general function g(r) was established in
[33], provided that system (3.15) has a strictly convex entropy by applying
the compensated compactness.
The study of the zero relaxation limit for system (3.15) with a singular
relaxation term,
˛rt+(ru)x=0,
ut+1u22+g(r)2x+u−h(r)y =0, (3.16)
was started by Schochet [45]. System (3.16) was derived for car traffic
flows [52] and its existence of classical solutions for all time was obtained
in [45] for the case f(r)=my log r, provided that y is sufficiently small and
y [ m3+a(a > 0). The zero relaxation limit in L. for related systems of
(3.16) was analyzed in [24].
The two eigenvalues of (3.15) are
m1=u−`rgŒ(r) , m2=u+`rgŒ(r) , (3.17)
and the corresponding two Riemann invariants are
z=u−Fr
0
`gŒ(s)/s ds, w=u+Fr
0
`gŒ(s)/s ds. (3.18)
Theorem 7. Let gŒ(r) > 0, and gŒ(r)/r be a nondecreasing function.
Suppose that there exist two constants N, L such that the curve u=h(r)
passes the unique intersection point (r¯, u¯) of curves w=N, z=−L; the
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curve u=h(r) and the initial data (r0(x), u0(x)) are in the region Db=
{(r, u): w [N, z \ −L, r \ 0} as 0 [ r [ r¯ (see Fig. 2). Then, for any
fixed e and y, the Cauchy problem (3.13)–(3.14) has a unique smooth solution
(r e, y, u e, y) satisfying
0 [ r e, y [M, |u e, y| [M. (3.19)
Moreover, there exists a subsequence of (r e, y, u e, y) that converges pointwise
to (r, u), as e tend to zero with y=o(e), where (r, u) are the equilibrium
state functions, determined uniquely by h(r) and r0(x) (see (E1)–(E2) of
Theorem 1).
Proof. Noticing the conclusions in Theorem 1, the crux to prove
Theorem 7 is still the bounded estimates in (3.19).
Multiplying (3.13) by (wr, wu) and (zr, zu), respectively, we have
wt+m2wx+
1
y
(u−h(r))=ewxx−(`gŒ/r )Œ r2x [ ewxx,
zt+m1zx+
1
y
(u−h(r))=ezxx+(`gŒ/r )Œ r2x \ ezxx.
FIGURE 2
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From the assumptions, there exist two constants N, L such that the
curve u=h(r) passes the unique intersection point (r¯, u¯) of curves
w=N, z=−L, and the curve u=h(r) and the initial data (r0(x), u0(x))
are in the region Db={(r, u): w [N, z \ −L, r \ 0} as 0 [ r [ r¯ (see
Fig. 2). Then Db must be an invariant region. This completes the proof of
Theorem 7.
4. PROOF OF THEOREM 2
In this section we prove Theorem 2 in several steps.
Proof of (I). The local existence and regularity of solutions for
t ¥ (0, t0) for the Cauchy problem (1.1)–(1.2) can be obtained by applying
the Banach contraction mapping theorem to an integral representation of
(1.1), where the local time depends only e, y, and the L1 5 L. norm of the
initial data (v0−v¯, u0−u¯). The global existence is based on the local exis-
tence and the a priori L. estimate (1.8) globally we will prove.
Set
p˜¯(v, u)=p¯(v, u)− p¯(v¯, u¯)− p¯v(v¯, u¯)(v− v¯)− p¯u(v¯, u¯)(u− u¯),
and similarly g˜(v, u) and p˜(v, u).
Since p˜¯(v, u) is strictly convex, then
p˜¯vv(v, u) v
2
x+2p˜¯vu(v, u) vxux+p˜¯uu(v, u) u
2
x \ C2(v2x+u2x), (4.1)
for some constant C2 > 0.
Since g˜(v, u) is an entropy of (1.3), we set the corresponding entropy flux
by Q(v, u). Observing p¯(v, u)=g(v, u)+p(v, u), we multiply system (1.1)
by (p˜¯v, p˜¯u) to obtain
p˜¯t(v, u)+Qx(v, u)+p˜vf(v, u)x+p˜u g(v, u)x
+
1
y
p1(v, u) a(v, u)(u−h(v))2+eC2(v
2
x+u
2
x) [ ep˜¯xx(v, u). (4.2)
Noticing (2.4)–(2.5) and conditions of (B1)–(B4), we have
p˜¯t(v, u)+Q¯x(v, u)+
1
2y
c0a(v, u)(u−h(v))2
+(eC2−C3y)(v
2
x+u
2
x) [ ep˜¯xx(v, u), (4.3)
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for a suitable function Q¯(v, u) and a constant C3 depending on the bounds
of second derivatives of p. Therefore, we have the following estimates
˛ ||(v( · , t)− v¯, u( · , t)− u¯)||L2(R)+||(ev2x, eu2x)||L1(R2+) [M,>a(v, u)(u−h(v))2
y
>
L1(R2+)
[M,
(4.4)
provided eC2 > 2C3y.
Multiplying the first Eq. (1.1) by vxx and the second by uxx, adding the
outcome, and then integrating by parts on R2+, we have
1
2
F.
−.
(v2x+u
2
x) dx+e F
t
t0
2
F.
−.
(v2xx+u
2
xx) dx dt
=
1
2
F.
−.
(v2x+u
2
x) 1x, t02 2 dx
+F tt0
2
F.
−.
3f(v, u)xvxx+5g(v, u)x+1
y
a(v, u)(u−h(v))6 uxx 4 dx dt.
(4.5)
Then it follows from (4.5), the estimates in (4.4) and the local estimate
(1.8), and conditions (B1)–(B2) that
F.
−.
(v2x+u
2
x) dx [ c0(e, y)(1+|v|2(q−1). +|u|2(q−1). +|a(v, u)|.)
[ c0(e, y)(1+|v|2(q−1). +|u|2(q−1). +|v| r.+|u| r.). (4.6)
Since
v2+u2=Fx
−.
(v2+u2)x dx [ 2 |v|2 |vx |2+2 |u|2 |ux |2
[ c1(e, y)(1+|v|2(q−1). +|u|2(q−1). +|v| r.+|u| r.)
1
2, (4.7)
where 2(q−1) < 4 and r < 4, then
|(v, u)(x, t)| [ C(e, y), t > t0/2,
for some constant C(e, y) > 0. Thus (I) is proved.
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Proof of (II). Multiplying the first equation in (1.1) by p |v− v¯ |p−2
(v− v¯), we have
(|v− v¯ |p)t+P(v, u)x−p(p−1)(f(v, u)−f(v, h(v))) |v− v¯ |p−2 vx
=e(|v− v¯ |p)xx− ep(p−1) |v− v¯ |p−2 v
2
x, (4.8)
where P(v, u)=p |v− v¯ |p−2 (v− v¯)(f(v, u)−f(v, h(v)))+>v p |v− v¯ |p−2 (v−
v¯)fŒ(v, h(v)) dv.
Since |f(v, u)−f(v, h(v))|=|fu(v, m)(u−h(v))|, where m takes a value
between u and h(v), it follows from (4.8) that
(|v− v¯ |p)t+P(v, u)x+ep(p−1) |v− v¯ |p−2 v
2
x
[ e(|v− v¯ |p)xx+
a(v, u)(u−h(v))2
y
+
yp(p−1) |v− v¯ |p−2 |fu(v, m)|2
a(v, u)
p(p−1) |v− v¯ |p−2 v2x
[ e(|v− v¯ |p)xx+
a(v, u)(u−h(v))2
y
+
e
2
p(p−1) |v− v¯ |p−2 v2x, (4.9)
provided 2yp(p−1) M [ e, where
p(p−1) |v− v¯ |p−2 |fu(v, m)|2
a(v, u)
[M
from the condition 2k(q−1)+p−2 [ r. Integrating (4.9) by parts on
R×[0, t], we have the estimate ||v− v¯ ||p [M. Thus (II) is proved.
Proof of (III). Since |f(v, h(v))| [ c1+c2(|v|q+|h(v)|q) [M(1+|v|q+|v|qk)
and p > max{1, q, qk}, then (F1) and (F2) in (III) can be proved directly by
(1.9) and the estimate ||v− v¯ ||p [M. We can use a similar method as in the
proof of Theorem 1 to prove (1.9). In fact, the function |v−k| can be
approximated by smooth bounded convex functions whose first and
second derivatives are bounded in R. Then (2.9) still holds if condition
2k(q−1) [ r or (B4) is satisfied.
This completes the proof of Theorem 2.
5. APPLICATIONS OF THEOREM 2
In this section we are concerned with the zero relaxation and dissipation
limits for some physical models, without bounded L. estimates, such as the
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system of isentropic gas dynamics in Lagrangian coordinates, the system
of elasticity in the case of sœ(v) v < 0, for all v ¥ R0{0} and the models of
traffic flows with stiff relaxation terms.
5.1. System of Isentropic Gas Dynamics in Lagrangian Coordinates
Consider the viscous solutions of the system of isentropic gas dynamics
with relaxation terms in Lagrangian coordinates,
˛vt−ux=evxx,
ut+g(v)x+
1
y
a(v, u)(u−h(v))=euxx,
(5.1)
with initial data
(v, u)|t=0=(v0(x), u0(x)), (5.2)
where gŒ(v) [ 0, gœ(v) > 0 as v > 0. The two eigenvalues of the correspond-
ing hyperbolic system of (5.1) are
m1=−`−gŒ(v) , m2=`−gŒ(v) ,
and the corresponding two Riemann invariants are
z=u+F v
v1
`−gŒ(v) dv, w=u−F v
v1
`−gŒ(v) dv,
for a constant v1 > 0.
Let (v0(x), u0(x)) be in the open region D={(v, u): z > 0, w < 0} and
(v0(x)− v¯, u0(x)− u¯) ¥ L1 5 Lp, where v¯ \ v1, u¯=h(v¯).
Theorem 8. (I). If
−F v
v1
`−gŒ(v) dv [ h(v) [ F v
v1
`−gŒ(v) dv,
1hŒ(v)2+gŒ(v)2+|hœ(v)| F v
v0
`−gŒ(v) dv2;a(v, u) is bounded,
and
0 < a0 [ a(v, u) [ c1(1+|v| r+|u| r), r ¥ [0, 4), as v \ v1,
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then, for fixed e and y satisfying M1y [ e for a suitable large constant M1,
the Cauchy problem (5.1)–(5.2) has a unique smooth solution (v e, y, u e, y)
satisfying
v1 [ v e, y [ C(e, y), |u e, y| [ C(e, y), (5.3)
for some positive constant C(e, y) depending on e and y.
(II) Let the conditions of (I) be satisfied and |v− v¯ |p−2/a(v, u) be
finite as v \ v1. Then ||v e, y−v¯||p [M.
(III) Let the conditions of (I) and (II) be satisfied, |h(v)| [ c3(1+|v|k)
and p > k. Then there exists a subsequence of (v e, y, u e, y) converging pointwise
almost everywhere to (v, u), as eQ 0 with y=o(e), where (v, u) are the equi-
librium state functions, determined uniquely by h(v) and v0(x) (see (F1)–(F2)
of Theorem 2).
Proof. We only give the proof of some similar estimates as in (4.4). The
remaining can be completed similarly as in the proof of Theorem 2.
Multiplying (5.1) by (wv, wu) and (zv, zu), respectively, we have
˛wt+m2wx+1y a(v, u)(u−h(v))=ewxx+e(`−gŒ(v) )Œ v2x [ ewxx,
zt+m1zx+
1
y
a(v, u)(u−h(v))=ezxx− e(`−gŒ(v) )Œ v2x [ ezxx.
(5.4)
If − >vv1 `−gŒ(v) dv [ h(v) [ >vv1 `−gŒ(v) dv as v \ v1, then the curve
u=h(v) is inside the region Db (see Fig. 3). Thus we can get directly from
inequalities (5.4) that Db is an invariant region. From this we have the
estimates
v \ v1, |u| [ F
v
v1
`−gŒ(v) dv. (5.5)
Let
p(v, u)=
u2
2
−h(v) u+4 F v
v1
F s
v1
1 |hœ(m)| Fm
v1
`−gŒ(n) dn+hŒ(m)2+12 dm ds,
(5.6)
and
p¯(v, u)=p(v, u)−p(v¯, u¯)−pv(v¯, u¯)(v− v¯)−pu(v¯, u¯)(u− u¯). (5.7)
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FIGURE 3
Multiplying system (5.1) by (p¯v, p¯u), we have from (2.4)–(2.5) that
p¯t(v, u)+q¯x(v, u)+(−hŒ(v) ux+p¯vv(v, u) vx)(u−h(v))
+hŒ(v)2 (u−h(v)) vx+gŒ(v)(u−h(v)) vx+
1
y
a(v, u)(u−h(v))2
=ep¯xx(v, u)− e(p¯vv(v, u) v
2
x+2p¯vu(v, u) vxux+p¯uu(v, u) u
2
x), (5.8)
where
q¯(v, u)=−p¯v(v, u)(u−h(v))−F
v
v1
p¯v(s, h(s)) hŒ(s) ds+F
v
v1
p¯u(s, h(s)) gŒ(s) ds.
It follows from (5.6)–(5.7) and the second estimate in (5.5) that
p¯vv(v, u) v
2
x+2p¯vu(v, u) vxux+p¯uu(v, u) u
2
x
\ C2{(|hœ(v)| F
v
v1
`−gŒ(s) ds+hŒ(v)2+1) v2x+u2x}, (5.9)
for some constant C2 > 0. Thus it follows from (5.8) and the conditions in
(I) that
p¯t(v, u)+q¯x(v, u)+
1
2y
a(v, u)(u−h(v))2
+(eC2−My) 31 |hœ(v)| F v
v1
`−gŒ(s) ds+hŒ(v)2+12 v2x+u2x 4[ ep¯xx(v, u).
(5.10)
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Then it follows from (5.9) that
˛ ||(v( · , t)− v¯, u( · , t)− u¯)||L2(R)+>a(v, u)(u−h(v))2y >L1(R2+) [M;>e 31 |hœ(v)| F v
v1
`−gŒ(s) ds+hŒ(v)2+12 v2x+u2x 4>
L1(R2+)
[M,
(5.11)
provided 2My [ eC2. Therefore, the proof can be similarly completed as in
the proof of Theorem 2.
5.2. Models of Traffic Flows: Lp Solutions
We consider the viscous solutions of the models of traffic flows with
relaxation terms
˛rt+(ru)x=erxx,
ut+1u22+g(r)2x+1y a(r, u)(u−h(r))=euxx, (5.12)
with initial data
(r, u)|t=0=(r0, u0), (5.13)
where (r0, u0) satisfies
(r0(x)− r¯, u0(x)− u¯) ¥ L1 5 Lp, 1 [ p <., (5.14)
with constants (r¯, u¯), r¯ > 0, and u¯=h(r¯).
For the model of traffic flow, g(r)=log r. If gŒ(r)/r is a nonincreasing
function, system (5.13) generally have no an a priori L. estimate. We
study the compactness of solutions (r e, y, u e, y) of the Cauchy problem
(5.13)–(5.14) in Lp.
The two eigenvalues of the corresponding hyperbolic system (3.16) of
(5.12) are (3.17), and the corresponding two Riemann invariants are
z=u−Fr
r1
`gŒ(s)/s ds, w=u+Fr
r1
`gŒ(s)/s ds,
where 0 < r1 [ r¯ is a constant.
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Let
(D1) gŒ(r) > 0, (gŒ(r)/r)Œ [ 0, as r \ r1;
(D2) 0 < a0 [ a(r, u) [ c1+c2(|r| r+|u| r), 0 [ r < 4;
(D3) {(rhŒ(r))2+h(r))2+gŒ(r)2+r2+u2+r2 |hœ(r)| >rr1 `gŒ(s)/s ds}/
a(r, u) is bounded when |u| [ >rr1 `gŒ(s)/s ds;
(D4) rp/a(r, u) [M;
(D5) |h(r)| [ c3+c4 |r|k.
Theorem 9. (I) Let conditions (D1)–(D3) be satisfied, and the initial
data (5.13) be in the region Db={(r, u): w \ 0, z [ 0}. Suppose
−Fr
r1
`gŒ(s)/s ds [ h(r) [ Fr
r1
`gŒ(s)/s ds,
as r \ r1. Then, for fixed e, y satisfyingM1y [ e for a suitable large constant
M1, the Cauchy problem (5.12)–(5.13) has a unique smooth solution
(r e, y, u e, y) satisfying
r1 [ r e, y [ C(e, y), |u e, y| [ C(e, y), (5.15)
for some constant C(e, y) depending on e, y.
(II) Let the conditions of (I) and (D4) be satisfied. Then ||r e, y− r¯||p
[M.
(III) Let the conditions of (I), (II) and (D5) be satisfied and p >
1+k. Then there exists a subsequence of (r e, y, u e, y) converging pointwise
almost everywhere to (r, u), as eQ 0 with y=o(e), where the limit functions
(r, u) are the equilibrium states, determined uniquely by h(v) and r0(x) (see
(F1)–(F2) of Theorem 2).
Proof. Similar to the proof of Theorem 8, we can prove that Db is an
invariant region. Hence we have the following estimates
r \ r1, |u| [ F
r
r1
`gŒ(s)/s ds. (5.16)
Choose
p(r, u)=
u2
2
−h(r) u+4 Fr
r1
Fm
r1
(|hœ(m)|`gŒ(n)/n dn+(hŒ)2 (m)+1) dm ds,
and let
p¯(r, u)=p(r, u)−p(r¯, u¯)−pr(r¯, u¯)(r− r¯)−pu(r¯, u¯)(u− u¯).
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Multiplying system (5.11) by (p¯r, p¯u), we can obtain the following
estimates from (D3) and the second estimate in (5.15)
˛ ||(r( · , t)− r¯, u( · , t)− u¯)||L2(R)+>a(r, u)(u−h(r))2y :L1(R2+) [M;>e 31 |hœ(r)| Fr
r1
`gŒ(s)/s ds+hŒ(r)2+12 r2x+u2x 4>
L1(R2+)
[M.
(5.17)
Using (D1)–(D2) and the estimates in (5.16), we can get the estimates in
(5.14). Then (I) is proved.
Since fu=r, the proof of (II) follows from (4.8) and (D4).
Since r2/a(r, u) is bounded, we have
F
W
|fugœ(v)(u−h(r)) rx | dx dt
[M 1F
W
a(r, u)(u−h(r))2
y
dx dt2 12 1y F
W
r2r2x/a(r, u) dx dt2 12 Q 0,
(5.18)
and
:F
W
(gŒ(v) fu(u−h(r)))x f dx dt :
=:F
W
gŒ(v) fu(u−h(r)) fx dx dt :
[M 1F
W
a(r, u)(u−h(r))2
y
dx dt2 12 1y F
W
r2f2x/a(r, u) dx dt2 12 Q 0,
(5.19)
as e and y=o(e), for any compact set W … R2+. Similar to the proof of
Theorem 1, we can complete the proof of (III). This completes the proof of
Theorem 9.
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